We investigate the effects of voltage induced spin-relaxation in a quantum dot in the Kondo regime. Using nonequilibrium perturbation theory, we determine the joint effect of self-energy and vertex corrections to the conduction electron T-matrix in the limit of transport voltage much larger than temperature. The logarithmic divergences, developing near the different chemical potentials of the leads, are found to be cut off by spinrelaxation rates, implying that the nonequilibrium Kondo-problem remains at weak coupling as long as voltage is much larger than the Kondo temperature.
I. INTRODUCTION
Electron transport through quantum dots or point contacts possessing a degenerate ground state (e.g., a spin) is strongly influenced by the Kondo effect, 1 provided the dot is in the Coulomb blockade regime. In the linear response regime, the Kondo resonance formed at the dot at sufficiently low temperature, i.e., at or below the Kondo temperature T K , allows for resonant tunneling, thus removing the Coulomb blockade and leading to conductances near the unitarity limit. This has been observed in various experiments on quantum dot devices. 2 The Kondo resonance is quenched by either large temperature T ӷ T K , large magnetic field B ӷ T K , or a large bias voltage V ӷ T K . However, the mechanism of how and why the Kondo effect is suppressed is qualitatively different in the three cases. The Kondo effect arises from resonant spin-flip scattering at the Fermi energy. Temperature destroys the resonance mainly by smearing out the Fermi surface, whereas a magnetic field lifts the degeneracy of the levels on the dot and thereby prohibits resonant scattering. The effect of a bias voltage V is more subtle. It induces a splitting of the Fermi energies of the left, and the right lead. However, this splitting affects directly only resonant electron scattering from the left to the right lead, but not any scattering which begins and ends on the same lead. Yet these remaining resonant processes are suppressed by a different effect: the voltage induces a current which leads to noise and therefore to decoherence of resonant spin-flips. It is the goal of this paper to study those decoherence effects in detail.
In perturbation theory, the signature of Kondo physics is logarithmic divergences arising from (principle value) integrals of the type
where f͑͒ is the Fermi function, D a high energy cutoff (i.e., bandwidth), and E IR some infrared cutoff. There are three rather different ways to cut off the logarithm, and to destroy the Kondo effect, corresponding to the three mechanisms discussed above. First, temperature broadens f͑͒ leading to E IR ϳ T. Second, a magnetic field B shifts the pole with respect to the Fermi-energy, replacing 1 / by 1 / − B, and in this case E IR ϳ B. The third way to quench the logarithm is to introduce a finite decoherence rate ⌫ s , replacing 1/ by / 2 + ⌫ s 2 , implying E IR ϳ ⌫ s . The relaxation rate ⌫ s = ⌫ s ͑V , B , T͒ and the associated decoherence effects also exist in equilibrium. In the limit of vanishing bias voltage and magnetic field, the scale ⌫ s tends to a temperature dependent (Korringa) rate, 3 ⌫ s ͑0,0,T͒ Ӷ T, which vanishes as T → 0, allowing for the quantum coherent Kondo state to be formed. In the case of a finite magnetic field and zero temperature, a B-and spin-dependent rate, 4 ⌫ s, ͑0,B ,0͒ remains finite for the excited state = ↓. In dynamical quantities it prohibits singular behavior at ϳ B but it is not important for static quantities, where B eliminates all relevant singularities. In the case of a finite bias voltage V, however, the finite rate ⌫ s ͑V ,0,0͒ is instrumental to cut off singularities even in static quantities for T , B → 0. The Kondo effect develops only to a certain extent, depending on the ratio V / T K .
Not only for a quantitative description of experiments in the regime V ӷ T K , but even for a crude qualitative understanding of Kondo physics out of equilibrium, it is necessary to identify the correct relaxation rate ⌫ s . The question, how logarithmic contributions are cut off, is essential to derive the correct perturbative renormalization group description 5, 6 and to identify regimes where novel strong-coupling physics is induced out of equilibrium.
The importance of the broadening of the Zeeman levels was pointed out three decades ago by Wolf and Losee 7 in the context of the Kondoesque tunneling anomaly observed in various tunnel junctions. Incorporating a Korringa-like, Tand B-dependent, spin-relaxation rate into Appelbaum's perturbative formula for the conductance 8 was found to improve the agreement with experiments considerably (cf., e.g., Refs. 9 and 10). Later, in the context of quantum dots, Meir et al. 11 pointed out that, even at T = B = 0, the finite bias-voltage induces a broadening of the Zeeman levels. In their selfconsistent treatment of the Anderson model, using the noncrossing approximation (NCA), this nonequilibrium broadening was shown to suppress the Kondo peaks in the local density of states, located at the two different Fermi levels. In Ref. 12 we showed that this NCA relaxation rate is sufficiently large to prohibit the flow toward strong coupling for V ӷ T K . In a perturbative study of the effects of an acbias, Kaminski et al. 13 argued that an irradiation induced broadening serves to cut off the logarithmic divergence of the conductance as T and V tend to zero. Treatments of the Kondo model 14 and related problems 15 at large voltages, which neglect the influence of decoherence, find strong coupling effects even for V ӷ T K . Coleman et al. 14 recently argued that this is the case because ⌫ s remains sufficiently small due to a (supposed) cancellation of vertex and selfenergy corrections.
To our knowledge, even to lowest order in perturbation theory, a systematic calculation of the nonequilibrium decoherence rate is still lacking. It is the objective of this paper to provide such a calculation. This is a delicate matter since self-energy, and vertex corrections may indeed cancel partially, and an infinite resummation of perturbation theory is required. Recently, 16, 17 it was demonstrated that the Majorana fermion representation for the local spin-1 / 2 circumvents this complication when calculating spin-spin correlation functions. In this representation, such correlators take the form of one-particle, rather than two-particle, fermionic correlation functions, and consequently only self-energy corrections have to be considered. Whether this representation will prove to be equally efficient for calculating other observables like the conduction electron T-matrix or the conductance remains to be seen.
Based on the conjecture that no unexpected cancellations occur, we have recently developed a perturbative renormalization group description 6 of the Kondo effect at large voltages. In this approach, it was essential to include the effects of ⌫ s . For usual quantum dots, the Kondo effect is sufficiently suppressed by ⌫ s , 6, 12 such that renormalized perturbation theory remains applicable at all temperatures, provided ln͑V / T K ͒ ӷ 1. We argued that ⌫ s , as a physically observable quantity, should be identified with the transverse spin relaxation rate ⌫ 2 =1/T 2 , measuring the coherence property of the local spin. (More precisely, slightly different rates enter into various physical quantities, but to leading order in 1/ln͓V / T K ͔ one can use ⌫ s Ϸ ⌫ 2 .) In this paper we show that within perturbation theory this is indeed the case, thus confirming our initial conjecture. Note that in more complex situations, for example in the case of coupled quantum dots, ⌫ s can be sufficiently small 12 so that (strong coupling) physics can be induced for large voltages.
In a preceding paper, 18 henceforth referred to as I, we calculated perturbatively the local magnetization and the differential conductance of a Kondo dot, including all leading logarithmic corrections in the presence of finite V and B. As effects of ⌫ s are not included to this order, some logarithms were not cut off by V but appeared to diverge with ln͑D / T͒ or ln͑D / ͉V − B͉͒. A systematic calculation of the cutoff ⌫ s requires a consistent resummation of self-energy and vertex corrections. As will become clear in the following, this is a formidable task, and we have therefore concentrated on the quantity which appears to be most tractable: the conduction electron T matrix as a function of frequency, in zero magnetic field.
In Sec. I we introduce the model and some conventions used for the Keldysh perturbation theory. A combination of self-energy corrections from Sec. II A and vertex-corrections calculated in Sec. II B determines the spin-relaxation rate (Sec. II C). In Sec. III we show how this decoherence rate cuts off logarithmic corrections in the T matrix. In Sec. IV we consider the case of anisotropic exchange couplings and determine the exact combination of transverse and longitudinal spin-relaxation rates which enters the logarithms in the T matrix. Appendixes A and B contain details pertaining to Secs. II B and III. Appendix C investigates how power-law singularities of the strongly anisotropic Kondo model are modified out of equilibrium by mapping it to the nonequilibrium x-ray edge problem for vanishing spin-flip coupling.
II. MODEL AND METHOD
We model the quantum dot by its local spin S ជ ͑ S = 1 2 ͒ , coupled by the exchange interaction J ␣␣ Ј ͑␣ , ␣Ј= L , R͒ to the conduction electrons in the left (L) and right (R) leads
where J LR describes a cotunneling process transferring an electron from the right to the left lead. Here L,R = ±eV/ 2 are the chemical potentials of, respectively, the left and right leads, ជ is the vector of Pauli matrices, g B B the Zeeman splitting of the local spin levels in a magnetic field B, and c ␣k † creates an electron in lead ␣ with momentum k and spin . We will use dimensionless coupling constants g ␣␣ Ј = N͑0͒J ␣␣ Ј , with N͑0͒ the density of states per spin for the conduction electrons (assumed flat on the scale eV, g B B). For later use, we define g d = ͑g LL + g RR ͒ / 2 and g 2 = ͑g LL 2 + g RR 2 +2g LR 2 ͒ / 4. We shall henceforth work in units where ប = k B = g B = e = 1 and, unless specifically stated otherwise, the Einstein summation convention will be employed throughout.
In order to calculate observable quantities for the system with Hamiltonian (2), we find it convenient to use a fermionic representation of the local spin operator
with canonical fermion creation and annihilation operators f ␥ † , f ␥ , ␥ = ↑↓, which allows a conventional diagrammatic perturbation theory in the coupling constant g. Since the physical Hilbert space must have singly occupied states only, it is necessary to project out the empty and doubly occupied local states. This is done by introducing a chemical potential regulating the charge Q = ͚ ␥ f ␥ † f ␥ . Picking out the contribution proportional to e −␤ and taking the limit → ϱ, the constraint Q = 1 can be enforced (for a more detailed description of this method see I).
We will use the Keldysh Green function method for nonequilibrium systems, following the notation of Ref. 19 . Keldysh matrix propagators are defined as
where G R,A and G K are the retarded, advanced, and Keldysh component Green functions, respectively. Spectral functions are found as A = i͑G R − G A ͒, and the greater and lesser functions as
The local conduction electron (ce) Green functions at the dot in the left and right leads, and the pseudofermion (pf) Green function are denoted by G ␣ ab and G ␥ cd , respectively, with lead index ␣ =L,R, spin indices , ␥, and Keldysh indices a , b , c , d. A corresponding notation will be used for the pf self-energy ⌺, and its imaginary part, the self-energy broadening, is denoted by
The interaction vertex has the following tensor structure in Keldysh space
where a , b and c , d refer to pf, and ce-lines, respectively. Since we consider only nonequilibrium situations in a steady state, time translation invariance holds, and the single-particle Green functions depend only on one frequency. The bare pf spectral function is given by
and the Keldysh component Green function is given as
where n ␥ ͑͒ denotes the pf distribution function, given by n ␥ ͑͒ =1/͑e ͑+͒/T +1͒ in thermal equilibrium. We shall also use the shorthand notation
Assuming a constant conduction electron density of states N͑0͒ =1/2D and a bandwidth 2D, the local ce spectral function takes the form
in terms of the step function ͑x͒. The Keldysh component Green function in lead ␣ is then given by
assuming the electrons in each lead to be in thermal equilibrium.
III. SPIN LEVEL BROADENING AND SPIN RELAXATION RATES
The coupling of the local spin to the leads introduces a broadening of the Zeeman levels, which depends on temperature, magnetic field, and bias voltage. In the pseudofermion representation for the local spin, the broadening is given by the imaginary part of the pseudofermion selfenergy. This level broadening enters into the relaxation rates of both the transverse spin components ͑S x , S y ͒, where it accounts for the loss of phase coherence, and the longitudinal spin component ͑S z ͒, where it describes the relaxation of the local magnetization following a change in the magnetic field. The observable spin relaxation rates 1 / T 2 and 1 / T 1 are defined through the broadening of the resonance poles in the transverse, and longitudinal dynamical spin susceptibilities, and their calculation requires vertex corrections to be included in a consistent way.
Following a brief discussion of the pf self-energy broadening, we determine the renormalized ce-pf interaction vertex in a steady-state nonequilibrium situation. The resulting vertex functions are used to calculate the transverse dynamical spin susceptibility, and later, in Sec. III, they will serve as building blocks for a calculation of the conduction electron T-matrix.
A. Pseudofermion decay rates
In paper I (Ref. 18) , we determined the on-shell imaginary part of the pseudo fermion self-energy, including leading logarithmic corrections. For the purpose of this paper, we will only need the second order rates, disregarding logarithmic corrections. For T = 0 one finds for 0
with 4g 2 = g LL 2 + g RR 2 +2g LR 2 , whereas for V Ͼ B ജ 0:
Notice that in the presence of a finite magnetic field, only the upper spin level, here corresponding to spin down, is broadened when V = 0, as one would expect from simple phasespace considerations. Broadening of the lower spin level (spin up) is due to virtual transitions to the upper spin level and occurs only in higher orders in g. For comparison, we list also the thermal decay rate for
2 . ͑16͒
B. Vertex corrections
Early work [20] [21] [22] on the dynamical magnetic susceptibility of a single spin 1 / 2, demonstrated how self-energy, and vertex corrections combine to yield the transverse, and longitudinal relaxation rates 1 / T 2 and 1 / T 1 . In Ref. 20 , the vertex corrections were determined in the approximation where the imaginary part of the pf self-energy ⌫ is much smaller than temperature. A similar approach is possible out of equilibrium, where it is the finite voltage, rather than temperature, which determines the abundance of (inter-lead) conduction electron particle-hole excitations.
To calculate the vertex corrections and resolve their interplay with self-energy diagrams, we have to solve the vertex equation
illustrated diagrammatically in Fig. 1 . In general, the pf propagators and the two-particle-irreducible interaction part B appearing in Eq. (17) are fully dressed, but in the present work we shall include such dressing only to leading order in g. We thus replace the full B by B, shown in Fig. 2 , and include only the second order decay rates, determined above, for the irreducible pf self-energy. In this approximation, the vertex corrections simplify substantially and Eq. (17) can be solved analytically to leading order in ⌫ / V. Since we assume that V ӷ T K , perturbation theory is valid and ⌫ ϳ g 2 V Ӷ V is indeed a sound approximation. We shall consider the case where T Ӷ V, which will best reveal the salient nonequilibrium features of the problem.
We remind the reader that physical quantities are proportional to e −␤ within our projection scheme. Therefore we have to keep track of two contributions to the vertex
where 0 ⌳ is independent of , and ⌳ vanishes as e −␤ in the limit of → ϱ. We shall first determine 0 ⌳ and then, in a second step, ⌳ .
Voltage induced particle-hole excitations
The Keldysh pf interaction tensor depicted in Fig. 2 involves a contraction of bare vertices with the ce polarization tensor. The convolution of two conduction electron Green functions has the greater component
and in general, the convolution of different Keldysh components gives rise to the polarization tensor
It is convenient to form the contraction of this tensor with the exchange constants J ␣␣ Ј / 4 at each end, and thus define an effective second order interaction by
Contracting again with two bare Keldysh vertices finally yields the pf interaction tensor corresponding to the diagram in Fig. 2 :
Notice that the spin-structure is omitted in this definition of B, and when inserting for B in Eq. (17) one should therefore include a factor of 
with the notation that 1 = 2 and 2 = 1 for the Keldysh indices. As for the single particle Green function, we organize these components in a triangular matrix
and for ⍀ӶD one finds that 
͑25͒
Notice that interlead particle-hole excitations do not satisfy the fluctuation-dissipation theorem as
The lead-contracted polarization satisfies the following symmetries:
and for later use we quote the explicit formula for the greater component,
where N͑⍀͒ denotes the Bose function and ⌸ Ͼ ͑⍀͒ = 0 for ⍀ജ2D + V. In terms of this function, the second order pf decay rate may be written as
Basic approximations
The following calculations are based on self-consistent perturbation theory to order g 2 for irreducible self-energy, and vertex corrections. For nonsingular quantities like the lowest-order self-energy, however, self-consistency only gives rise to subleading corrections which we need not keep track of. For example, it is sufficient to approximate the retarded pf propagators (double-dashed lines in the diagrams) by
where ⌫ ␥ , given in Eqs. (12)- (15), denotes the on-shell decay rate calculated in bare perturbation theory. We neglect contributions from Re ⌺ ␥ ͑͒ which can be absorbed in a redefinition of B and g, and which give rise only to subleading corrections in the following. To show, formally, that self-consistency does not change this result, one can use the fact that the relevant integrals are dominated by frequencies in a window of width ⌫ around the Zeeman levels. Since the various Keldysh components of ⌸ vary slowly with frequency, i.e., ͓⌸͑ + ⌫͒ − ⌸͔͑͒ / ⌸͑͒ ϳ ⌫ / V, we may therefore use ⌫ / V ϳ g 2 as a small expansion parameter. In other words, ⌫ ␥ is found as a convolution of the slowly varying ⌸ Ͼ with the rapidly varying pf spectral function, and approximating the latter by a delta-function therefore produces negligible corrections of order ⌫ / V.
Summing up the ladder
Within second order self-consistent perturbation theory, the renormalized vertex ⌳ satisfies the diagrammatic equation in Fig. 1 with the two-particle-irreducible pf interaction in Fig. 2 . This equation clearly generates a series of ladder diagrams, with dressed pf legs and bare ce particle-hole propagators as rungs, which is conveniently solved by means of iteration.
The iteration starts with the attachment of two pf propagators to the bare Keldysh vertex, which defines the tensor
having the following components:
One proceeds by attaching rungs, using the interaction tensor B b Ј a aЈb , and legs consisting of pairs of dressed pf propagators.
This attachment consists of a contraction of Keldysh, and spin indices, together with an integration over the frequency circulating the individual sections of the ladder. To leading order in ⌫ / V, we may perform these integrals by neglecting the slow frequency dependence of the ce polarization functions compared to the rapid variations in the pf Green functions. Making use of the identity 1 a
products of Green functions may be expressed as either
ͪ and likewise for AR and AA products. Considered as an integral-kernel to be integrated with the various components of the polarization function, we may neglect the broadening and replace ⍀ by ͑␥ Ј− ␥͒B / 2 inside the parentheses in such products, and altogether this justifies the approximations
for a set of legs in the ladder. Notice that Walker 20 has employed a similar approximation in the case of thermal equilibrium, utilizing the slow frequency dependence of the thermal ce polarization. In this case, the RR and AA terms are neglected to leading order in ⌫ / T instead.
Since the legs contain not only retarded and advanced, but also Keldysh component Green's function, some of these loop integrals will also involve the nonequilibrium pf distribution functions n ͑͒. This function is found by solving a quantum Boltzmann equation, obtained as the Keldysh component of the pf Dyson equation with second order pf selfenergies. Using the results of I, the solution at B = 0 is found to be
which, in the case where g LR 0 and T = 0, takes the form
For T → 0, n ͑͒ vanishes as e −͑−V͒/T for Ͼ V, and diverges as e −͑+V͒/T for Ͻ −V. For ͉͉ Ͻ V, n ͑͒ crudely resembles a Boltzmann distribution with T replaced by V /4. The distribution function clearly inherits the slow frequency dependence from ⌸ Ͼ and, to leading order in ⌫ / V, n may therefore be treated as a constant, when integrated with the rapidly varying retarded and advanced pf Green functions. In the case of B Ͼ 0, the distribution function acquires a spinindex and the solution is generally more complicated (cf. I). However, the frequency dependence is still determined by ⌸ Ͼ , evaluated at arguments shifted by ±B / 2, and therefore remains negligible. In either case, we are thus allowed to neglect the frequency dependence of n , which renders G K proportional to G R − G A by a constant and reduces all loopintegrals in the ladder to involve only the products (36) or their complex conjugates.
Omiting all RR and AA terms, V ab cd now simplifies to
and performing the projection → ϱ, all pf-distribution functions vanish, i.e., M ␥ → −1, and we are left with
Having performed the projection, it is now a simple matter to sum up the ladder solving the vertex equation. To keep matters simple we assume that B = 0, but once this special case is worked out, a generalization to B Ͼ 0 will be straightforward. We begin by attaching the V tensor (43) to the pf interaction tensor defined in (22) . Working out the contraction, one finds that
We should also attach the Pauli-matrices coming from the exchange vertices at the endpoint vertex and at the ends of the pf interaction tensor. In zero magnetic field this yields the contraction
which shows that the endpoint pf Pauli matrix k is carried through to the external spin-indices. In this way, the Pauli matrix at the endpoint vertex may be left out and the Keldysh vertex merely receives a factor of −2 per rung.
To second order in g, the vertex thus renormalizes to
where the left superscript 0 is to remind us that the limit of → ϱ has been taken. The integral over is performed using the ␦-function from the RA-product of pf Green functions and ⌫ is the spin-independent ͑B =0͒ single pf selfenergy broadening.
Attaching a set of pf Green functions to this second order vertex correction, we notice that, after projection and discarding again all RR and AA products, we have
which in turn implies the fourth order correction
From these two lowest order corrections it is clear how the further attachment to the ladder will generate a geometric series, and the vertex function
therefore solves the diagrammatic equation in Fig. 1 , in the limit → ϱ. We employ the suggestive shorthand
and, as will be demonstrated in the next section, this is indeed the spin-relaxation rate. In the present case of zero magnetic field and isotropic exchange couplings, the longitudinal, and transverse rates are identical and thus ⌫ s = ⌫ 2 = ⌫ 1 . In the case of anisotropic exchange couplings (or in the presence of a finite magnetic field), spin-flip, and nonspinflip vertices receive different corrections and the two rates become discernible. The anisotropic case will be discussed in Sec. IV. The first term in Eq. (50) arises from the self-energy, Eqs. (12)-(15), the second one, ⌫ v =2⌸ Ͼ ͑0͒, is the vertex correction.
It is expected that all higher-order diagrams contributing to the irreducible pf interaction B , will give rise only to subleading corrections to ⌫ s . This is especially easy to see for contributions which maintain the Keldysh tensor structure of Eq. (49) or equivalently of Eq. (47), where the interaction tensor B returns a scalar function times aa 3 , upon contraction with the bare end-piece V. Any higher order contributions to B with the same property will merely lead to corrections to ⌫ s of higher order in g, and do not change the lowest order result (50). In Appendix A, we explicitly evaluate the vertex correction arising from the lowest order diagram with crossing rungs and, to leading order in ⌫ / V, this contribution indeed maintains the tensor structure aa 3 . More generally, we note that, for ⍀Շ⌫, consecutive correction terms, like (46) and (48) in the geometric series which sums up to (49), are all of order one. The crossed diagram in Fig.  5 (and similarly other higher order corrections to the irreducible vertex), however, involve extra factors of G R G R , i.e., they are suppressed by factors of the order of ⌫ / V ϳ g 2 compared to the contributions from the ladder series.
So far, we have only determined the → ϱ limit of the vertex, but we need also the second contribution, ⌳ in Eq.
(18), which is proportional to e −␤ . Having solved for 0 ⌳ already, we are left with the vertex equation
which we find to be solved by
For c d one obtains
which is neglected due to the slow frequency dependence of n ͑⍀͒. It is worth noting, however, that for B 0 this term will in fact be proportional to the magnetization and thus provide an important renormalization of the cd 1 term of the interaction tensor.
This completes the solution of the vertex equation and we may now proceed to determine its influence on physical observables. In doing so, one has to attach a pair of pf Green functions to the renormalized vertex, and most often one may therefore continue to use the approximation (36). Since the dependence of the vertex on the relative frequency is set by ⌸ គ ab ͑͒, one can safely set to 0 and consider the vertex as a function of ⍀ alone. With ⌫ v =2⌸ Ͼ ͑0͒, the renormalized vertex then simplifies to
where n ͑0͒ ϰ e −␤ . Using this result we can now calculate physical quantities like susceptibility and T-matrix.
C. Dynamical spin susceptibility
In order to uncover the physical meaning of the rate ⌫ s introduced in Eq. (50), we include here a brief discussion of the transverse spin susceptibility:
The transverse spin relaxation rate ⌫ 2 is defined as the broadening of the resonance pole in this response function, and as will be shown below, ⌫ s plays exactly this role. Throughout this section, we may therefore use ⌫ s = ⌫ 2 . With a suitable generalization of ⌫ v , entering Eq. (50), which will be given in Sec. IV, this identification holds also for anisotropic coupling.
Translating to the pseudofermion representation on the Keldysh contour, the transverse susceptibility is calculated from
which in turn leads to the Feynman diagram in Fig. 3 when including vertex, and pf self-energy corrections. The bare absorption, and emission vertices are given as ␥ ab 1 = ͑1/ ͱ 2͒␦ ab and ␥ ab 1 = ͑1/ ͱ 2͒ ab 1 , respectively (cf. I). The absorption vertex is kept undressed and the emission vertex renormalizes like the interaction vertex-component ͱ 2⌳ ab
, whereby
Ќ R ͑⍀͒ = i ͵ d 2 ⌳ ab 11 ͑⍀ + ,͒G គ ↑ bc ͑⍀ + ͒G គ ↓ ca ͑͒.
͑59͒
Notice that the canonical ensemble average, enforcing single occupancy on the dot, is carried out by dividing the -dependent grand-canonical average by ͗Q͘ and taking the limit → ϱ (cf. I). This procedure affects only the pf distribution functions and allows to neglect all terms proportional to squares, or higher powers of n ␥ . Working out the contractions, we arrive at
The important fact that the final result is proportional to n ␥ is ensured by the relations 
and inserting now the nonequilibrium distribution function given by Eq. (37), the first two terms of this expression are seen to cancel. We emphasize the fact that this important cancellation takes place only when using the correct distribution function, i.e., the solution to the quantum Boltzmann equation corresponding to second order pf self-energies.
The term involving G
A G A works in a similar way, and using the approximation G ↑ R/A ͑⍀ + ͒G ↓ R/A ͑͒ Ϸ ‫ץ−‬ ͑ ± i0 + ͒ −1 , valid to leading order in max͉͑⍀͉ , ⌫͒ / V when integrated with the slowly varying distribution function, the last two terms in Eq. (60) may be evaluated by partial integration. The first term comes with a factor of 0 ⌳ 21
11
͑⍀ + , ͒G ↑ R ͑⍀ + ͒G ↓ A ͑͒Ϸ2i␦͑͒ / ͑⍀ + i⌫ 2 ͒, and altogether one finds that
for max͉͑⍀͉ , ⌫͒ Ӷ V. The prefactor is independent of B and is obtained as the derivative −nЈ͑0͒, with n͑͒ given by Eq.
(38) and with the replacement n ͑0͒ → 1 / 2, due to the normalization by ͗Q͘ before projection. The zero-frequency limit obeys Ќ R ͑0͒ = M / B, like in equilibrium, and the nonequilibrium magnetization was found in I to be
similar to a Curie law with 1 / T replaced by 4 / V. Notice that the result (63), has been obtained also in Ref. 16 , using a Majorana-fermion representation.
In the case of a finite magnetic field, the factor of n ↓ ͑͒ − n ↑ ͑⍀ + ͒ in the first term of Eq. (60) will be of order B / V. For B ӷ max͉͑⍀ + B͉ , ⌫͒, this term will therefore dominate the other terms involving G
For B Ͼ 0, the vertex renormalization is modified, but since we only need to consider the first term in Eq. (60), only a single component is needed. For this particular component the generalization is straightforward and one finds that
where ⌫ 2 is given in Eq. using the approximation (36), and the susceptibility is found to be
valid for max͉͑⍀ + B͉ , ⌫͒ Ӷ min͑B , V͒.
In the intermediate regime where B Ӷ min͉͑⍀ + B͉ , ⌫͒, one would need to generalize also the -dependent part of the vertex to the case of B Ͼ 0. However, we expect that cancellations, similar to those found in terms like Eq. (62) at zero field, will take place also at finite B, once the correct B-dependent distribution function is used. In this manner, we expect the general formula for the susceptibility to be simply
valid for max͉͑⍀ + B͉ , ⌫͒ Ӷ V. This function obviously has the correct asymptotic behaviors, corresponding to Eqs. (63) and (66), and is consistent with the equilibrium result. 20, 21 For completeness, we state here the relevant asymptotics of ⌫ 2 as a function of V, B, and T.
· ͑68͒
In the equilibrium limit, V = 0, this corresponds to the result obtained in Refs. 20 and 21, ⌫ 2 Ϸ g 2 max͑T , B /4͒.
IV. CONDUCTION ELECTRON T-MATRIX
With the renormalized vertex at hand, we now proceed to calculate the conduction electron T-matrix, including the leading logarithmic corrections. The T-matrix, T ␣␣ Ј , is of great physical significance, insofar as it describes the scattering of conduction electrons from lead ␣Ј to lead ␣, and thereby also the transport across the dot. It is determined from the conduction electron Green function:
͑69͒
In cases where the exchange-tunneling Hamiltonian (2) is derived from an underlying Anderson model, i.e., from a single quantum dot in the Coulomb blockade regime (cf., e.g., Ref. 13), one has J LR 2 = J LL J RR and only one of the eigenvalues of the 2 ϫ 2 matrix T ␣␣ Ј is finite. In such a situation, Im͓T ␣␣ Ј ͔͑͒ is, at low energies, directly proportional to the spectral function of the electrons on the dot (see e.g., Ref. 24 and references therein). This spectral function can be measured directly by tunneling into the dot, 25 and henceforth we shall focus on the imaginary part of T ␣␣ Ј .
In Fig. 4 we show the two diagrams contributing to the T-matrix to third order. Within bare perturbation theory (i.e., using bare vertices and Green functions in Fig. 4) , one obtains the following intra-and inter-lead components at T , B =0:
with L =− R = V / 2. Within bare perturbation theory, the T-matrix diverges close to each Fermi surface, or more precisely, for ⍀ → ␣ , some of the logarithms are cut off by the voltage V = L − R while others remains unaffected. In this sense voltage and temperature act very differently as T would cut off all logarithmic terms uniformly. The central question formulated in the introduction is, how the logarithmic divergences which remain for T → 0 and large V are cut off when the perturbation theory is properly resummed. To find the correct cutoff to order g 2 , we have to use dressed Green functions and vertices in Fig. 4 .
As the second-order diagram in Fig. 4 gives only a finite contribution Im͓T ␣␣ Ј R ͑⍀͔͒ =−3/16N͑0͚͒ ␣ Љ g ␣␣ Љ g ␣ Љ ␣ Ј , the inclusion of self-energy, and vertex corrections will produce only subleading corrections of order g 4 , as can be shown by an explicit calculation.
The fate of the logarithms arising to order g 3 is more interesting, and in the following we will therefore carefully evaluate the second diagram in Fig. 4 . This contribution involves the spin contractions
for the Peierls, and
for the Cooper channel. Writing out the sum of these two types of diagrams, corresponding to different orientations of the pf-loop, one finds that
FIG. 4. Diagrams for the conduction electron T-matrix, with dressed pf propagators and dressed interaction vertices (black dots).
The third order diagram contributes with both directions on the pf loop, running either antiparallel or parallel to the ce base-line. We refer to these two possibilities as the Peierls, and the Cooperchannel, respectively.
This Keldysh contraction has a total of 256 terms, of which only a few will contribute in the end. Some will involve a G គ, 21 which is zero, and others will involve a product of more than one lesser-component G Ͻ , which, being proportional to higher powers of the pf distribution function, will vanish faster than ͗Q͘ . Since the Keldysh representation contains
is a daunting task to isolate all contractions with only one factor of G Ͻ . Nevertheless, since we are dealing here with a trace over the pf Keldysh indices, we are free to work in a more convenient basis for the pseudofermions. Thus choosing
the Keldysh matrix Green functions may be transformed as
͑76͒
which has the nice property that Ĝ becomes diagonal after projection. The renormalized vertices may be considered as functions of only one frequency and therefore take the form (54), which we write loosely as ⌳ = ␦ + L. For opposite ce Keldysh-indices the vertex retains the structure of the identity-matrix ␦ under the transformation. For equal ceindices, the matrix L ab transforms to
where
In this representation the contraction in Eq. (74) becomes manageable and one has to deal with merely eight different types of terms. The full contraction is worked out in Appendix B, resulting in
where G ⌫ s A ͑͒ =1/͑ − i⌫ s ͒ are Green functions broadened by ⌫ s rather than ⌫ / 2 and we use the shorthand notation
Already at this stage, it is apparent that the vertex corrections have served to replace twice the pf self-energy broadening by ⌫ s . Making use of the basic integrals,
representing a broadened logarithm and a broadened signfunction, respectively, the remaining integrals over and Ј are straightforward. The first line of the integral (80) involves a convolution of G K with G A , which yields
This term is multiplied by the convolution of G ␣ Ј R with G ⌫ s A , equal to iG ␣ Ј R ͑⍀ + i⌫ s ͒, and altogether the first line yields the imaginary part − 2n 3 32
Using a spectral representation for the ce Green functions, the remaining two lines of Eq. (80) can be brought to the form 2n 3 32
The integral in the first term vanishes in the limit D → ϱ, and keeping D finite this term remains smaller than the second term by a factor of ⍀ / D or ⌫ s / D. Keeping only the second term, the imaginary part takes exactly the same form as Eq. (83), and finally we obtain after projection
with no summation over ␣ implied. We find precisely the result of bare perturbation theory, Eq. (70), but now with the logarithmic divergences cut off by ⌫ s . The same conclusion also holds for T LR . This is the central result of this paper.
V. ANISOTROPIC COUPLINGS: T 1 VERSUS T 2
The longitudinal, and the transverse spin-relaxation rates 1/T 1 and 1 / T 2 have rather different physical interpretations. It is therefore interesting to determine which combination of the two rates actually controls the logarithmic divergences. In the previous chapter we restricted ourselves to the case of zero magnetic field and isotropic couplings, and in this case we cannot distinguish between the two rates as 1 / T 1 =1/T 2 = ⌫ s .
To discriminate between the two rates, even for B =0, we generalize the exchange interaction to involve two different couplings
and we may now repeat all calculations above, keeping track of separate spin-flip and non-spin-flip processes. Since we consider only the case of zero magnetic field, the pf selfenergy broadening remains spin-independent and we obtain from Eq. (28), for V ӷ T and B =0,
The vertex corrections now take a different form, depending on whether or not the spin is flipped at the vertex. For T = B = 0 and finite V we obtain ⌫ v Ќ = z g LR 2 V / 4 for the spinflip vertex and
in the case of no spin-flip. Therefore, the longitudinal, and the transverse spinrelaxation rates are given by
Notice that 1 / T 1 = 0 for Ќ g = 0. This is due to a cancellation of vertex, and self-energy corrections, reflecting the conservation of S z in this case.
How do these spin-relaxation rates modify the logarithmic divergences? A close inspection of the Keldysh contractions and the integrals carried out in Appendix B reveals that only the 0 ⌳-part of the renormalized vertex connecting to the outgoing ce-line (i.e., the left most vertex in Fig. 4 ) gives rise to a logarithmic divergence, and furthermore determines whether this logarithm is cut off by ⌫ 2 or ⌫ 1 depending on whether this vertex involves a spin-flip or not. Therefore, in the case of anisotropic couplings, Eq. (85) generalizes to
͑90͒
Roughly speaking, two thirds of the logarithms are broadened by ⌫ 2 and one third by ⌫ 1 . How are these results modified beyond lowest order perturbation theory? In Appendix C we investigate this question in the limit Ќ g → 0 for finite z g. In this limit, the logarithmic singularities in correlation functions like ͗S − S + ͘ resum in equilibrium to power laws with exponents depending on z g. In Appendix C we use a mapping of our problem to a nonequilibrium X-ray edge problem together with results by Ng (Ref. 26) and others 27, 28 to investigate how these power-law singularities are affected by a finite bias voltage and the associated current. We find that all these power laws are cut off by a rate related to 1 / T 2 . This has a simple interpretation: For finite z J a finite current is flowing through the system and the corresponding noise prohibits the coherence of the two external spin-flips at low energy. Close inspection reveals that the second logarithm in Eq. (90) is calculated from a correlation function of the type discussed in Appendix C. The nonperturbative results of the Appendix therefore confirm our perturbative Eq. (90). The first logarithm in Eq. (90), however, arises from a different correlator (as one external vertex involves S z ) which we have not tried to calculate to higher orders in z g. Also in the presence of a magnetic field the situation is more complex and at present we do not know which combination of relaxation rates controls the logarithmic divergences arising for V Ϸ B. The vertex corrections depend on B and, as mentioned in Sec. II B 3, also the cd 1 part of the vertex renormalizes in this case. Furthermore, the non-spinflip vertex depends on the orientation of the incoming spin, and its two different components are found only after solving two coupled vertex equations (cf., e.g., Ref. 20) .
In many physical situations, 1 / T 1 and 1 / T 2 differ only by a numerical prefactor of order 1 and such a factor in the argument of the logarithms is not important. In this situations it is not necessary to keep track of differences of 1 / T 1 and 1/T 2 , if one is interested in a calculation to leading order in 1/ln͓max͑V , B͒ / T K ͔ (cf., e.g., Ref. 6).
VI. DISCUSSION
In this paper we have addressed the question how, far out of equilibrium, the presence of a sufficiently large current prohibits the coherent spin-flips necessary for the development of the Kondo effect. In an explicit calculation, we have confirmed the expected answer 6, 7, [11] [12] [13] that the spinrelaxation rate cuts off the logarithmic corrections of perturbation theory. This implies that for ⌫ s ӷ T K (i.e., for V ӷ T K , see Refs. 6 and 12), the Kondo model stays in the perturbative regime, which allows calculating its properties in a controlled way using perturbative renormalization group. 6 We have worked out this scenario explicitly for the imaginary part of the conduction electron T matrix, taking into account the joint effect of self-energy, and vertex corrections. In the limit of zero temperature and ln͑V / T K ͒ ӷ 1, perturbation theory remains valid and the vertex corrections were determined by summing up diagrams to leading order in ⌫ / V ϳ g 2 . Within bare perturbation theory, the T matrix exhibits logarithmic divergences at the Fermi energies of the left, and the right lead, and we have demonstrated explicitly that the joint effect of dressing pf Green functions as well as exchange vertices with voltage induced particle-hole excitations works to cut off these logarithms by ⌫ s = g LR 2 V. Under certain conditions, the T matrix can be identified with the spectral function on the quantum dot, which can be measured directly by tunneling into the dot. 25 To reveal the physical significance of this rate, we have calculated the dynamical transverse spin susceptibility in the presence of a finite bias-voltage. This served to demonstrate that ⌫ s is indeed the spin-relaxation rate, broadening the resonance pole at ϳ B in this correlation function. ⌫ s arises from the stirring up of inter-lead particle-hole excitations, and is found to be proportional, in order g 2 , to the number of conduction electrons passing the constriction per unit time (the factor of proportionality depends, however, on details of the model, such as, e.g., anisotropies of J). We therefore interpret the subsequent attenuation of the Kondo effect as decoherence due to current-induced noise.
Most formulations of perturbative renormalization group in equilibrium completely neglect the role of decoherence and noise and focus instead on the flow of coupling constants. This is justified, as the typical rates are often much smaller than temperature T, which serves as the relevant infrared cutoff. However, since this is not the case in a nonequilibrium situation, decoherence has to be an essential ingredient in any formulation of perturbative renormalization group valid out of equilibrium. 5, 6 We hope that our perturbative calculation, demonstrating how this happens in detail, can serve as a starting point for future developments in this direction.
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APPENDIX A: VERTEX CORRECTIONS FROM CROSSED RUNGS
To substantiate the statement made in the paragraph after Eq. (50), that higher order contributions to the irreducible pf interaction B lead only to subleading corrections to ⌫ s , we here evaluate explicitly the crossed fourth order correction depicted in Fig. 5 .
The Feynman rules give the same prefactors in this case, and the contraction of spins yields
as opposed to 4 ␥ Ј ␥ k obtained in the ladder-type correction. The Keldysh contraction may be expressed in terms of the previously defined tensors V and B as
and using the identity (43), this may be worked out to give
Since this contribution maintains the same Keldysh structure, ␦ cd aa 3 , as the solution (49), it will only lead to subleading corrections to ⌫ s . In fact, this crossed contribution looks very much like the ladder-type correction (48), except that the second pair of pf Green's function have the structure of an RR product, as a function of Ј, and when integrated with ⌸ Ͼ this makes Eq. (A3) smaller than, Eq. (48) by a factor ⌫ / V.
Notice that, in contrast to the ladder diagrams, the crossed diagram in Fig. 5 involves a loop-integral over GGG⌸, which does not warrant the omission of RR and AA terms leading to Eq. (43). However, keeping all terms in the V-tensor, a rather lengthy contraction leads to a result which differs somewhat from Eq. (A3), but nevertheless maintains the Keldysh tensor structure and remains smaller than Eq. (48) by a factor ⌫ / V. FIG. 5 . Vertex correction from crossed particle-hole excitations. Such contributions are smaller than the ladder-type corrections by a factor of ⌫ / V and are therefore neglected.
APPENDIX B: CONTRACTIONS FOR T R"3…
In this Appendix, we work out the contraction of Keldysh indices in Eq. (74). There is a total of nine different nonzero contraction of ce Keldysh-indices, each of which involve renormalization of either zero, one, two or all three vertices. This gives rise to a total of 2 3 = eight different types of pf traces, which we need to work out. If the two ce Keldysh indices are different, a vertex contributes with a factor of ␦ ab rather than L ab . Thus a term with all three vertices renormalized contributes with Tr͓L Ĝ L Ĝ L Ĝ ͔, whereas a term with no vertices renormalized contributes Tr͓␦Ĝ ␦Ĝ ␦Ĝ ͔. Our strategy will be to perform the contraction and the loop-integral over without including the -dependent part of the vertex. After this has been done, it will be a simple matter to include the additional effects of L , by going through very similar steps once more.
We begin by listing a few useful facts about the relevant matrix products
The lesser component Green function takes the form G Ͻ = n ͑G A − G R ͒, and neglecting their slow frequency dependence we may consider the pf distribution functions as constant prefactors. This allows us to expand all terms in products of three Green functions which are either retarded or advanced, and to use rules like G 1 R G 2 R G 3 R = G 1 A G 2 A G 3 A = 0, implied by the subsequent loop integration which can now be performed by closing in the half-plane with no poles. Notice that including the frequency dependence in either factors of n or ⌸ គ ab , coming from either propagators or vertices, would render such loop-integrals nonzero. Nevertheless, these contributions will be smaller than the terms which we retain by a factor ⌫ / V and can therefore be neglected. Furthermore, the projection allows us to neglect terms which are proportional to G
With these few rules at hand one may work out the following catalog:
͑B3͒
The remaining four possibilities all vanish, and we are left with contributions from terms with either two or three vertices renormalized. Working out the loop-integral over , we get, e.g.,
where we have introduced the notation G ⌫ s A ͑͒ = ͑ − i⌫ s ͒ −1 , and G ⌫ A ͑͒ = ͑ − i⌫͒ −1 for the double-broadened pf Green functions. We see that the vertex corrections serve to replace ⌫ by ⌫ s in products of certain internal Green functions, and working out all the integrals, we obtain the following list for the Peierls channel:
As may be seen from Eq. (74), the corresponding products for the Cooper channel can be obtained from these by the shift of variables → −Ј, and Ј → −. Using the fact that G R ͑−͒ =−G A ͑͒, one readily obtains the following list, to be used for the Cooper channel:
It is now straightforward to carry out the contraction of ce Keldysh indices in Eq. (74), and one finds the combination
for the Cooper-channel. Together, the two channels contribute the integral
͑B7͒
To include the effects of L , one may go through the same steps and build up a similar catalog of terms. We have to include all terms with exactly one factor of L , since terms with two or three factors vanish faster than ͗Q͘ under projection. To leading order in ⌫ / V, there will still only be contributions with either two or three vertices renormalized. Whereas 0 L ended up contributing only with its 21-entry, , this entry is zero in L and instead one finds only contributions from its 12-entry, . A typical contribution from the Peierls-channel now takes the form
and a term like this eventually adds up with a similar term from Tr͓͑ 0 L Ĝ ͒ 1 ͑ 0 L Ĝ ͒ 2 ͑␦Ĝ ͒ 3 ͔, having a 1 in place of the factor of i⌫ v / ͑Ј − i⌫ s ͒, to contribute 4n G ⌫ s A ͑Ј͒G ⌫ s A ͑͒. Working out the full contribution, from both the Peierls, and the Cooper-channel, one finds that all surviving terms combine in similar ways, and the total effect of including L is therefore simply to replace ⌫ by ⌫ s in Eq. (B7). This finally leads to the integral (80) quoted in the main text.
